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, Abstract. The purpose of this paper is to present a characterization of sequentially 

^ ■ Cohen-Macaulay modules in terms of its Hilbert coefficients with respect to distin- 
guished parameter ideals. The formulas involve arithmetic degrees. Among corollaries 

1—5 ■ of the main result we obtain a short proof of Vasconcelos Vanishing Conjecture for 

f — | modules and an upper bound for the first Hilbert coefficient. 
<N '• 

i — i' I. Introduction 

U : 

\ Let (R, m) be a Noetherian local ring with the maximal ideal m and / an m-primary 

', ideal of R. Let M be a finitely generated -R-module of dimension d. It is well known 

that there exists a polynomial pi(n) of degree d with rational coefficients, called the 
Hilbert-Samuel polynomial, such that £(M/I n+1 M) = pi(n) for all large enough n. 
^ . Then, there are integers ej(J, M) such that 

> : d 
a\ ■ 

These integers ej(J, M) are called the Hilbert coefficients of M with respect to /. In 
particular, the leading coefficient eo(I,M) is called the multiplicity of M with respect 
to / and ei(J, M) is called by Vasconcelos the Chern number of / with respect to M. 
Although the theory of multiplicity has been rapidly developing for the last 50 years and 
proved to be a very important tool in algebraic geometry and commutative algebra, not 
so much is known about the Hilbert coefficients e^/, M) with i > 0. At the conference 
in Yokohama 2008, W. V. Vasconcelos [V2] posed the following conjecture: 

The Vanishing Conjecture: Assume that R is an unmixed, that is dim(i?/P) = 
dim R for all P G Ass R, where R is the m-adic completion of R. Then R is a Cohen- 
Macaulay local ring if and only if ei(q, R) — for some parameter ideal q of R. 

Recently, this conjecture has been settled by L. Ghezzi, J.-Y. Hong. K. Ozeki, T. T. 
Phuong, W. V. Vasconcelos and the second author in [GGHOPVJ. Moreover, the second 
author showed in [G] how one can use Hilbert coefficients of parameter ideals to study 
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many classes of non-unmixed modules such as Buchsbaum modules, generalized Cohen- 
Macaulay modules, Vasconcelos modules.... The aim of our paper is to continue this 
research direction. Concretely, we will give characterizations of a sequentially Cohen- 
Macaulay module in term of its Hilbert coefficients with respect to certain parameter 
ideals (Theorem 14. 5p . Recall that sequentially Cohen- Macaulay module was introduced 
first by Stanley [St] for graded case. In the local case, a module M is said to be a 
sequentially Cohen-Macaulay module if there exists a nitrations of submodules M = 
Do D D\ D . . . D D s such that dimDj > dim.D; + i and Di/Di + \ are Cohen-Macaulay for 
all z = 0, 1, . . . , s — 1 (see |Scj . |CNj ). Then M is a Cohen-Macaulay module if and only 
if M is an unmixed sequentially Cohen-Macaulay module. Therefore, as an immediate 
consequence of our main result, we get again the answer to Vasconcelos' Conjecture for 
modules. Furthermore, Theorem 14.51 let us to get several interesting properties of the 
Chern numbers of parameter ideals on non-unmixed modules. Especially, we can prove 
a slight stronger than Theorem 3.5 of M. Mandal, B. Singh and J. K. Verma in [MSVJ 
about the non-negativity of the Chern number of any parameter ideal with respect to 
arbitrary finitely generated module (Corollary 14. 7p . 

This paper is divided into 4 sections. In the next section we recall the notions of 
dimension filtration, good parameter ideals and distinguished parameter ideals following 
[5c] . |CN] . [CClj . [CC2j . and prove some preliminary results on the dimension filtration. 
We discuss in Section 3 the relationship between Hilbert coefficients and arithmetic 
degrees (see [BMj . [V] ) of an m-primary ideal. The last section is devoted to prove the 
main result and its consequences. 

2. The dimension filtration 

Throughout this paper, (R, m) is a Noetherian local ring and M is a finitely generated 
.R-module of dimension d. 

Definition 2.1. ( [CUT] . [CC2] , [CN] ) A filtration V : M = D D D 1 D . . . D 

D s = H^(M) of submodules of M is said to be a dimension filtration, if is the 
largest submodule of Dj-i with dim.Dj < dim.D,;_i for all i — 1, . . . , s. A system 
of parameters x — xi, . . . , of M is called a good system of parameters of M, if 
N fl (scdimiv+ij • • • > Xd)M = for all submodules N of M with dim N < d. A parameter 
ideal q of M is called a good parameter ideal, if there exists a good system of parameters 
x = xi,...,Xd such that q = (x). 

Now let us briefly give some facts on the dimension filtration and good systems of 
parameters (see [CClj . |CC2j . |CN] ). Let N be the set of all positive integers. We 
denote by 

A(M) = {r G N | there is a submodule N of M such that dim iV = r}. 
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Because of the Noetherian property of M, the dimension filtration of M and A(M) 
exist uniquely. Therefore, throughout this paper we always denote by 

V:M = D DD 1 D...DD S = Hl(M) 

the dimension filtration of M with dim. Di = di, and A = Di/Di + \ for alH = 0, . . . , s— 1. 
Then we can check that 

A(M) = {di = dim A \ % = 0, . . . , s - 1}. 

In this case, we also say that the dimension filtration T> of M has the length s. Moreover, 
HpeAssM N(p) = be a reduced primary decomposition of submodule of M, then 
D i = CldimiR/p^di.! N (P)- Especially, if we set Assh(M) = {p G Ass(M) | dim R/p = 
dimM}, then the submodule 

A = f| N(p) 

peAssh(M) 

is called the unmixed component of M and denoted by Aw(0). It should be mentioned 
that Um{0) is just the largest submodule of M having the dimension strictly smaller 
than d. Moreover, if°(M) C U M (0) and H°(M) = U M (0) if Ass(M) C Assh(M)U{m}. 
Put Ni = DdimCfl/pXdi N (P)- Therefore AnJVj = and dim(M/^) = ^. By the Prime 
Avoidance Theorem, there exists a system of parameters x — (x±, . . . ,xa) such that 
x di+1 , ...,x d e Ann (M/iVj). It follows that A H (x^+i, . . . , x d )M C n A = for 
all % — 1, . . . , s. Thus by the definition of the dimension filtration, x — X\ , . . . , x d is a 
good system of parameters of M, and therefore the set of good systems of parameters 
of M is always non-empty. Let x — xi, . . . , x d be a good system of parameters of M. 
It easy to see that xi, . . . , x di is a good system of parameters of D iy so is x™ 1 , . . . , 
for any rf-tuple of positive integers ni, . . . , n^. With notations as above we have 

Lemma 2.2. Let J 7 : M = M D Mi D . . . D M t be a filtration of submodules of M . 
Then the following statements are equivalent: 

(1) dim Mt < 0, dimMi+i < dimM i; and Ass(Mj/M m ) C Assh(M/M i+ i) U {m} 
for all i = 0, 1, . . . , t — 1. 

(2) s — t and Di/Mi has a finite length for each i — 1, . . . , s. 

When this is the case, we have dimM; = d^. 

Proof. (2) ^> (1) is trivial from the definition of the dimension filtration. 

(1) =^> (2). We show recursively on % that A/M has a finite length for all % ^ t. In 
the case i — 1, we have Mi C A and so that 



Ass(A/Mi) C Ass(M/Mi) C Assh(M/Mi) U {m} = Ass(M/ J Di) U {m}. 
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Thus D 1 /M 1 = U M/Ml (0) = #° (AT/Ml). Hence D 1 /M 1 has a finite length. Assume the 
result holds for i; we will prove it for % + 1. Since Di/Mi has a finite length, we have 

Ass(A/M m ) C Ass(Mi/M i+1 ) U {m} = Assh(M i /M i+1 ) U {m}. 

Thus Assh(A/M m ) = Assh(M;/M m ) and so that Ass(A/M +1 ) C Assh(A/A^+i) U 
{m}. Therefore, as similar in the case % = 1, Dj + i/Mj + i has a finite length. Hence 
Di/Mi has a finite length for all i = 1, . . . , t. The claim s = t follows from the definition 
of the dimension filtration and the fact that dimM t ^ 0. □ 



Definition 2.3. (see [Sc.]) Let T : M = M D Mi D . . . D M t be a filtration of 

submodules of M. A system of parameters x — x±, . . . , Xd of M is called a distinguished 
system of parameters of M with respect to J 7 , if (xdimMj+i, • • • , x<i) Q AnnMj for 
all positive integers i. A parameter ideal q of M is called a distinguished parameter 
ideal of M with respect to J 7 , if there exists a distinguished system of parameters 
x — xi, . . . , Xa of M with respect to T such that q = (x). We simply say that q = (x) 
is a distinguished parameter ideal if x is a distinguished system of parameters with 
respect to the dimension filtration. 

Let 7 : M = M D Mi D . . . D M t be a filtration of submodules of M. For each 
submodule N of M, let J 7 /^ : M/N = (M +N)/N D (Mx+N)/N D . . . D (M t +N)/N 
denote the filtration of submodules of M/N. When N = xM for some x G R, we 
abbreviate T /xM to J-^. 

Lemma 2.4. Let T : M = M D Mi ID ... D M t fre a filtration of submodules of M. 
Then the following statements hold true. 

(1) A good system of parameters of M is also a distinguished system of parameters 
of M with respect to J 7 . Thus, there always exists a distinguished system of 
parameters with respect to T . 

(2) Let N be a submodule of M. Ifx±, . . . , xj, is a distinguished system of parameters 
of M with respect to J 7 and dim iV < dimM, then x\, . . . , Xd is a distinguished 
system of parameters of M/N with respect to J-/N. 

Proof. Straightforward. □ 

The following result of Y. Nakamura and the second author [GN] is often used in this 
section. 

Lemma 2.5. [GN] Let R be a homomorphic image of a Cohen- Macaulay local ring and 
assume that Ass(R) C Assh(i?) U {m}. Then 




J={pG Spec( J R) | ht fl (p) > 1 = depth(i? p )} 



is a finite set. 
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The next proposition shows the existence of a special superficial element which is 
useful for many inductive proofs in the sequel. 

Proposition 2.6. Assume that R is a homomorphic image of a Cohen- Macaulay local 
ring. Let q be a parameter ideal of M. Then there exists an element x G q which is a 
superficial element of Di with respect to q such that Ass {Vi/xV/) C Assh(A/ xVi)U{m} , 
where T>i = A/A+i for all i = 0, . . . , s — 1 . Moreover, x is also a regular element of 
M/Di for alli = l,...,s. 

Proof. Set Ii = Ann(A), and Ri = R/Ii, then Ass(i2j) = Assh(i?j) and dimR/Ii > 
dimR/Ii + i for alH = 0, . . . , s — 1. Moreover, we have 

Ass(-Rj) = Ass(A) = {pG Spec(.R) | p G Ass(M) and dimi?/p = dimR/Ii = di}. 

Set 

J*i = {p G Spec(.R) | Ii C p and ht iii (p// i ) > 1 = depth((P i )„)}. 
By Lemma [2.51 and the fact Ass (A) = Assh(A), we see that the set 

{p G Spec(Ri) | ht Ri (p) > 1 = depth((P i ) p )} 

t 

is finite, and so that Ti are a finite set for all i — 0, . . . , s — 1. Put J 7 = Ass(M) U IJ Ti \ 

i=i 

{m}. By the Prime Avoidance Theorem, we can choose x G q — mq such that a; is a 
superficial element of Di with respect to q such that x ^ [J p. Since a; is a superficial 

element of Di and dimDj > for all i — 0, . . . , s — 1, dimDj/xPj = dimPj — 1. Let 
p G Ass(T>i/xT>i) with p ^ m. Then we have depth (T>i/xT>i) p = 0. On the other hand, 
depth(A) P > since p G" Ass(£>i) C Ass(M). Hence depth(Di) p = 1. It implies that 
ht^^p) = 1, since p G" Ti. By the assumption Ri is a catenary ring, therefore 

dimi?/p = dim_Rj — ht/j^p) = dimRij xRi = dimVi/xVi. 

Hence p G Assh(T'j/xT'j), and this completes the proof. □ 

Lemma 2.7. Let R, M and x be as in the Proposition \2.6i and T>m/xM '■ M/xM = 
D' Q d D[ d . . . D D\ the dimension filtration of M/xM. Then we have 

^ \ s ~ 1 if dim D s _i = 1 ; 
[ s otherwise. 

Moreover, D'jDi has a finite length, where Di = (Di+xM)/xM , for alii = 0, ... , s — 1. 

Proof. For a submodule JV of M we set iV = (A + xM)/xM a submodule of M/xM. 
For all z = 1, . . . , s, since x is a regular element of M/Di, we have Di fl xM = xDj, and 
so that 

A/zA = A/(xA + A+i) = A/[A n (zM + A+i)] 

= (A + xM)/(A+i + xM) = A/A+i- 
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Therefore, the filtration of submodules of M/xM 

V x : M/xM = (D + xM) jxM D (D 1 + xM) jxM D . . . D {D s + xM) jxM 
satisfies the following conditions: for alH = 0, . . . , s — 1 and dim.D i+ i > 0, we have 
dim( D { + xM) jxM > dim( D i+1 + xM) fxM 

and 

s-1 

Ass(M/xM) \ {m} C |J Ass(A/A+i) \ {m}. 

i=0 

Thus, for all p G Ass(M/xM) \ {m}, there is an integer i such that dim_R/p = 
dim(Di/ D i+ i). Since T>m/xM '■ M/xM — D' D D[ D . . . D D[ is the dimension 
filtration of M/xM, it follows that either I = s — 1 if dim = 1, or I = s other- 
wise. Moreover, we also obtain dim A = dim.D^ and Di C D\ for all i — 0, . . . , s — 1. 
Now we proceed by induction on i to show that D'jDi has a finite length for each 
i = 1, . . . ,s - 1. In fact, since (£>i + xM)/xM = D 1 C D[ and dim/); < dim M/xM, 
D[/Di C £/m/(d 1+ zA/)(0). Moreover, by Lemma [Ml we obtain Ass(M/(D l + xM)) C 
Assh(M/(D! + xM)) lj{m}, and so that Um/(D!+xM)(Q) has a finite length. Hence 
D[/Di has a finite length. Assume that the assertion holds for i, we will prove it for 
i + 1. Since 

Ass(A/A +1 ) = Asa((Di + xM)/(D i+1 +xM)) = Ass{Vi/xVi) C Assh^/a^) |J{m} 

and Ass(D'J Di) C {m} by the inductive hypothesis, we get 

Ass(A7A+i) C Ass(A/A +1 ) |J Ass(AVA) £ Assh(2Va;A) |J{m}. 

Therefore, it follows from the equality dimDj/xDj = dim A = dim = dim/^/Dj+i 
that Ass(D(/D i+1 ) C Assh(A/A +1 ) \J{m} = Assh(D'jD i+1 ) U{m}. Thus U D , m+i (0) 
has a finite length. Since D i+ i C -D,' +1 and dim(Z^ +1 //}j + i) < dimZ^/.Dj + i, we have 
D' i+1 /D i+ i C f^£)'/75 i+1 (0), and therefore D' i+1 /D i+ i has a finite length as required. □ 

Corollary 2.8. Let R, M, and x as in the Proposition ^. b\ Then 

A(M/xM) = {di-l\ di = dim A > 1, i = 0, . . . , s - 1}. 

Corollary 2.9. Let R, Mand x be as in the Proposition ^. 61 Let T : M = M D M 1 D 

. . . D M s 6e a filtration of submodules of M such that D^/ Mi has a finite length for each 
i = 0, . . . , s. For a submodule N of M we set N = N/xN. Let V w :M = D' dD' 1 D 
. . . D D[ be the dimension filtration of M . Assume that there exists an integer t\ ^ s 
such that dimM 4l ^ 0. Then the following conditions hold true. 

(1) t\ = I and dimMj < dimMj_i for alii — 1, . . . , t\. 

(2) Either t\ — s — 1 if dim. D s _i — 1, orti — s otherwise. 

(3) For each i = 1, . . . , s — 1, D'J Mi has a finite length. 
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Proof. (1) and (2) are trivial by Lemma [2.71 

(3). For each % = 1, ... ,s — 1, since Mj is submodule of Di and Di/Mi has a finite 
length, Mi C Di and Di/Mi has a finite length. By Lemma [2771 D'jDi has a finite 
length and so has D' i /M i . □ 

Lemma 2.10. Let R, M, q and x be as in the Proposition \2.b\ Let T : M = M D 

Mi D . . . D M 8 6e a filtration of submodules of M such that Di/Mi has a finite length 
for each i = 0, ...,s. Assume that q is a distinguished parameter ideal of M with 
respect to J 7 . Then there exists a distinguished system of parameters x±, . . . ,x d of M 
with respect to J 7 such that X\ = x and q = (xi, . . . , x d ). 

Proof. Since q is a distinguished parameter ideal of M with respect to J 7 , there exists 
a distinguished system of parameters yi,...,yd of M with respect to J 7 such that 
q = (yi, . . . ,yd) an d Mj C fl : M y^ for all j = di + 1, . . . , d and i = 1, . . . , s. In 
particular, we have (yd^+i, ■ ■ ■ , Vd) Q AnnM s _i. Moreover, by Lemma [2721 we have 
dim£> s _i > and AsshM,_i = AsshD s _i = {p e Ass(M) | dimi?/p = d s _ x }. Thus 
(Vds-t+i, ■ ■ ■ , Vd) Q fl P- Since dim -D s _i > and by the choice of x, the 

peAss(M),dim R/p=d a -i 

elements x, yd s _x+i, ■ ■ ■ , Vd form a part of a minimal basis of q. Thus x, ?/d s _i+i, • • • , Vd 
is a part of a system of parameters of M. Therefore we can find g? s _i elements X\ = 
x,x 2 , ■ ■ ■,x da _ 1 in q that such q = (xi,x 2 , . . . , Xd s _ i; x da _ 1+ i = yd a _ 1+ i, . . . ,x d = y d ) as 
required. □ 

3. Arithmetic degree and Hilbert Coefficients 

For prime ideal p of R, we define the length-multiplicity of M at p as the length of 
-Rp-module r Pj R (J (M p ) = H® R (M p ) and denote it by multjvr(p). It is easy to see that 
mult A /(p) 7^ if and only if p is an associated prime of M. 

Definition 3.1. ([BMj.[V]. [Vl] ) Let I be an m-primary ideal and i a non-negative 
integer. We define the i-th arithmetic degree of M with respect to I by 

arith-degj(J, M) = mult M (p)e (J, R/p). 

peAss(M), dim R/p=i 

The arithmetic degree of M with respect to I is the integer 

arith-deg(7, M) = rnult M (p)e (I, R/p) 

peAss(M) 
d 

= J^arith-degi^M). 

i=0 

The following result gives a relationship between the multiplicity of submodules in 
the dimension filtration and the arithmetic degree. 
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arith-deg^i", M) 



Proposition 3.2. Let (R, m) be a local Noetherian ring, I an m-primary ideal and 
T> : M = Dq D A D . . . D A = H^(M) the dimension filtration of R-module M . 
Then the following statements hold true. 

(1) arith-deg (/,M) =£ R (H°(M)). 

(2) For j — 1, . . . , d, we have 

eo(I,Di) if j = dim Di G A(M) ; some i 
ifj^A(M). 

Proof. (1) is trivial from the definition of the arithmetic degree. 
(2). By the associativity formula for multiplicities, we have 

eo(/,A)= Yl *((A)„)e (/,iVl>). 

pgAss Di, A\mR/p=di 

It follows from {p G Ass(A) I dimi?/p = = {p 6 Ass(M) | dim/?/p = d{\ that 
h $r p ( m p) - (A) P for all p G Ass(M) with dim,R/p = d { . Thus we get 

£((A) P )=^, p (M p )) = mult M (p) 

for all p G Ass(M) and dimi?/p = di. Hence 

e (J,A) = arith-deg di (/,M), 

for all i — 0, . . . , s. The rest of the proposition is trivial. □ 

For proving the main result in next section, we need two auxiliary lemmas as follows. 
It should be noticed that the statement (1) of Lemma [3T31 below is also shown in |MS V] . 
but the proof here is shorter. 

Lemma 3.3. Let q be a parameter ideal of M with dimM = d. Then the following 
statements hold true. 

(1) Ifd=l,thene 1 (q,M) = -£ R (H^(M)). 

(2) If d > 2, then for every superficial element x G q of M it holds 

ej{q, M/xM) if < j < d - 2, 

e rf -i(q,M/xM) + (-l) d -%(0 : M x) if j = d-l, 

Proof. Let d = 1 and q = (a). Choose the integer n large enough such that H^(M) = 
: M a n and £{M/a n M) = e ((a), M)n - e x {{a), M). Then 

ei ((a),M) = -(£(M/a n M) - e ((a"),M)) = -£(0 : M a n ) = -£(H° m (M)). 

The second statement was proved by M. Nagata [HI 22.6]. □ 

Lemma 3.4. Let N be a submodule of M with dimN = s < d and I an m-primary 
ideal of R. Then 

'ej{I, M/N) if < j < d - s - I, 

e d _ s (J, M/N) + (-l) d - s e (/, N) if j = d - s. 



e;(q,M) 



ej (I, M) 



Proof. From the exact sequence 

-> N -> M -> M/AT ->■ 
we get the following exact sequence 

->■ (JV n J n M) // n iV ->■ AT//" AT -> M/I n M -> M/I n M + N -> 
for each n. Thus 

£(M/I n M) = £(N/I n N) + £(M/I n M + N) - £((N n I n M)/I n N) 

for all n. Hence ^((AT fl I n M)/ I n N) is a polynomial for large enough n. By the Artin- 
Rees lemma, there exists an integer such that A" fl J n M C I n ~ k N for all n > k, and 
so that 

n-l 

£((Nnl n M)/I n N) < £(I n - k N/I n N) < ^ £(PN/I i+1 N) 

i=n—k 

for all n > k. This gives that the degree of the polynomial ^((Af fl I n M)/I n N) is 
strictly smaller than dim A/". Since dim N = s < d, the conclusion follows by comparing 
coefficients of polynomials in the above equality. □ 

4. Characterization of Sequentially Cohen-Macaulay modules 

The notion of sequentially Cohen-Macaulay module was introduced first by Stanley 
[ST] for graded case and in [Sc], |CNj for the local case. 

Definition 4.1. An R- module M is called a sequentially Cohen-Macaulay module if 
there exists a filtration J 7 :M = M D Mi D . . . D M t of sub modules of M such that 
diniM 4 ^ 0, dimMj + i < dimM; and M.i = Mi/Mi+% are a Cohen-Macaulay module 
for all i = 0, ...,£ — 1. 

It should be noticed here that if M is a sequentially Cohen-Macaulay, the filtration 
J 7 in the definition above is uniquely determined and it is just the dimension filtration 
V : M = D D D x D . . . D £> s = #°(M) of M. Therefore, M is always a sequentially 
Cohen-Macaulay module, if dimM = 1. Now we give a characterization of sequentially 
Cohen-Macaulay modules having small dimension. 

Theorem 4.2. Let M be a finitely generated R-module with dimM = 2. Then the 
following statements are equivalent: 

(1) M is a sequentially Cohen-Macaulay R-module. 

(2) For all parameter ideals q of M and j = 0, 1, 2, we have 

e,(q,M) = (-ly'arith-deg^.^M). 

(3) For all parameter ideals q of M , we have 

ei(q,M) = -arith-deg x (q,M). 

9 



(4) For some parameter ideal q of M, we have 

d(q,M) = -arith-degjXq.M). 



Proof. (1) =>■ (2). The result follows from the Propositions 13.21 and 13.41 
(2) => (3) and (3) (4) are trivial. 

(4) =>• (1). It suffices to show that M = M/A is a Cohen-Macaulay module. 
In fact, since dim A < dimM = 2, then dim A = or 1. If dim A = 0, then 
arith-deg 1 (q, M) = 0. Therefore we get by Lemma [3.41 and the hypothesis that 

ei(q,M) =ei(q,M) = 0. 

If dim A = 1, it follows from Lemma [3.41 and Proposition 13.21 that 

ei (q,M) = e 1 (q,M) + e (q, J Di) = ei (q,M) + arith-de gl (q,M) = 0. 

Thus in all cases we have ei(q,M) = 0. Choose now an element x G q which is a 
superficial element of M with respect to q. Then x is an M- regular element, since 
Ass M = Assh M. It follows from the assumption dim M = 2 and Lemma 13.31 that 

= ei(q,M) = ei (q,M/xM) = -£{H^(M/xM)). 

Thus H°(M/xM) = 0. So depthM = 2 and M is a Cohen-Macaulay module. □ 

Proposition 4.3. Let T : M = M D Mi D . . . D M s be a filtration of submodules of 
M such that Di/Mi has a finite length for each i = 0, . . . , s, where s is the length of 
the dimension filtration of M. Assume that M/Dj is a sequentially Cohen-Macaulay 
module for some 1 < j < s and x\, . . . , Xd is a distinguished system of parameters of M 
with respect to J 7 . Set q = (xi, . . . , Xd)- Then the following statements hold true. 

(1) For all i = 1, . . . , j , we have 

(xi, . . . ,x d ) n+1 M n A = (x h . . .,x di ) n+1 D h 

for large enough n. 

(2) We have 

£(M/q n+1 M) = ( n ^*) e o( < l. A) +i(D j /q n+1 D j ), 
for large enough n. 

Proof. (1). Let j ^ s be a positive integer and M/Dj a sequentially Cohen-Macaulay 
module. We prove statement (1) recursively on i ^ j. Let % = 1. Since M/Dj is a se- 
quentially Cohen Macaulay module, M/A is Cohen-Macaulay. Thus (xi, . . . ,Xd) fc Mn 
A = (-Ei) • • • ,Xd) k Di for all k. Since D\jM\ is of finite length, there exists a positive 
integer n such that (xi, . . . ,x,i) n A C M x . On the other hand, since x l5 . . . ,Xd is a 
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distinguished system of parameters of M with respect to J 7 , (x dl+1 , ■ ■ ■ ,Xd)M 1 = 0. It 

follows for large enough n that 

(xi, . . . , x d ) n+l M n A = (x u . . . , x d ) n+1 D 1 

= (xi, . . . ,x dl ) n+1 A + (x dl +i, ■ ■ .,x d )(x!, . . .,x d ) n Di 
C (x 1 ,...,x dl ) n+1 D 1 + (x dl+1 ,...,x d )M 1 
= (x 1 ,...,x dl ) n+1 D l . 

Therefore we get (x 1: . . . , x d ) n+1 M nDi = (xi, . . . , x dl ) n+1 A- Assume now that the 
conclusion is true for i — 1 < j. Then we get 

(x u . . . , x d )" +1 M n A = ((xi, . . . , x d )" +1 M n A-i) n A 

= (xi, . . . ,x di _J n+1 A-i n A- 

Consider now the module A-i with two filtrations of submodules J 7 ' : A-i 
. . . D M s and the dimension filtration V : A-i D Di D . . . D D s . It is easy to 
check that the module A-i with these two filtrations of submodules satisfies all of 
assumptions of the proposition. Thus, by applying our proof for the case i — 1 with the 
notice that xi, . . . , x^ i _ 1 is a distinguished system of parameters of A-i with respect 
to J 7 ' we have 

(x 1; . . . , x,)" +1 M n A = (xi, . . . , x di _J" +1 A-i n A = (xi, . . . , x d J" +1 A, 

for large enough n, which finishes the proof of statement (1). 

(2) We argue by the induction on the length s of the dimension filtration T> of M. The 
case s = is obvious. Assume that s ^ j > 0. By virtue of the statement (1) we get a 
short exact sequence 

A/q" +1 A ->■ M/q n+1 M ->■ M/q n+1 M + A ->■ 

for large enough n. Therefore we have 

£(M/q" +1 M) = £(A/(xi, . . . , x dl )" +1 A) + *(P /q n+1 Z>o), 

where £>o = MjD\. Since xi, . . . , x d is a distinguished system of parameters of M with 
respect to J 7 , Xi, . . . , x ( ^ 1 is a distinguished system of parameters of A with respect to 
the filtration A ~3 M 2 D . . . D M s . Notice that Di D D 2 D • . . 3 f s is the dimension 
filtration of A and D k /M k has a finite length for each k — \,...,s. Since s > j > and 
M/Dj is a sequentially Cohen- Macaulay module, so is A /Ar Because the dimension 
filtration of A is of the length s — 1, it follows from the inductive hypothesis that 

£(A/(x!,...,x dl r +i A) = x; ( n ^ i ) eo (q, a) +^(A/q" +1 ^)- 

i=l ^ 1 ' 

Since £> = M/D 1 is Cohen-Macaulay of dimension <i = rf , we have 

£(A)Af +1 A)) = ( n + ^e (q,D ) = (^^(q, A). 

n 



Hence 

£(M/q" +1 M) = ( n ^*)eo(q, A) + Wf^i), 

for all large enough n ^ as required. □ 

Proposition 4.4. Lei R be a homomorphic image of a Cohen- Macaulay local ring and 
M a finitely generated R module of dimension d = dim M ^ 2 . Let J 7 : M = M D 
Mi D . . . D M, 6e a filtration of submodules of M such that Di/Mi has a finite length 
for each i = 1, . . . , s. Assume that q is a distinguished parameter ideal of M with respect 
to J 7 such that for all j G A(M) we have 

e d _ J+1 (q,M) = (-l^-^axith-deg^^M). 

Then M is a sequentially Cohen- Macaulay module. 

Proof. Reminder that T> : M = Dq D D\ D . . . D A = H^(M) is the dimension 
filtration of M and A(M) = {di = dimDj | z = 1, . . . , s — 1}. For each z = 0, . . . , s — 1, 

we set 

e (q,A+i) if d i+ i = d { -1, 
otherwise. 

Then, by virtue of Proposition 13.21 the equality in the assumptions of our proposition 
can be rewritten as 

e d _ di+1 (q,M) = (_i)«*-*+ig ( q , D i+X ) (*) 

for alH = 0, . . . , s — 1. We prove a statement which is slight stronger than the propo- 
sition, but it is more convenient for the inductive process as follows: M is sequentially 
Cohen-Macaulay if the equations (*) hold true for all di G A(M) with di > 1. We 
proceed by induction on d. The claim is proved for the case d = 2 by Theorem 14.21 
Suppose that d > 3. Then there exists by Proposition 12.61 an element x G q which is a 
superficial element of Di with respect to q such that x is a regular element of Mj Di for 
alH = 1, . . . , s. For a submodule of M, we denote A^ = (N+xM)/xM the submodule 
of M/xM. Let V M/xM : M/xM = D' D D[ D . . . D D[ be the dimension filtration 
of M/xM and tG{0,...,s}an integer such that dim ~M t ^ 0. By Corollaries [2]8l EJ2 
and Lemma 12.101 the filtration T x : M/xM = M D Mi D . . . D M t of submodules of 
M/xM satisfies the following conditions: 

(1) Either t = I = s — 1 if dim£5 s _i = 1, or t = I = s otherwise. 

(2) For each i — 1, . . . , s — 1, ^« has a finite length. 

(3) For each z = 1, . . . , s — 1, D'jDi has a finite length and 

A(M/xM) = {di - 1 | > 1, z = 1, . . . , s - 1}. 
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(4) There exists a distinguished system of parameters x^, . . . , x d of M with respect to 
T such that x\ = x and q = (xi, . . . ,Xd)- Moreover, the system of parameters 
X2, ■ ■ ■ ,Xd of M/xM is a distinguished system of parameters of M/xM with 
respect to T x . 

Now, we first show that the module M = M/xM satisfies all the assumptions of 
the proposition with the nitrations of submodules V M / xM , T x and the distinguished 
parameter ideal (X2, ■ ■ ■ ,Xd) with respect to JF X . Since x is a regular element of M/A 
for all % = 1, . . . , s, we have A fl xM = xDi. Therefore 

Vi/xVi = Di/xDi + A+i = A/[A n (xM + A+i)] = (A + xM)/(D i+1 + xM). 

It follows that if c?j > 1 then e (q, A/^A) = e (q, A/A+i) = e (q, A) = e (q, A) as 
D'jDi is of finite length, and so that 

e (q, A) = e (q, A/aA) = e (q, 

since a; is also a non-zero divisor on A- Let — 1 G A(M/xM), and <ij > 2. We 
consider the following two cases: If d i+1 — di — 1 > 1, and dim A +1 = dimDj +1 — 1 = 
dim A — 2 = dim A' — 1) therefore eo(q, A+i) = e o(q, A'+i)- Then, by applying Lemma 
13.31 Proposition 13.21 we get that 

e(d-i)-K-i)+i(q,M/a;M) = e d -d 1+ i(q, M) 

= (-l) d ^ +1 e (q,A + i) 
= (-l) d - d ^e (q,D' l+l ) 

If d i+ i j£ di — 1, dim A+i dim A — 1; an d so that 

e (q, A+i) = e (q,£>- +1 ) = 0. 

Thus 

e {d -i)- {di -i) + i{q,M/xM) = (-l)^-^ +1 e (q,D' i+1 ) = 0. 
This show that in both cases we obtain 

e {d ^ (di - 1)+1 (q,M/xM) = (-l)**- 1 )-**- 1 * 1 ^, D' i+1 ) 

for all d{ — 1 £ A(M/xM) and dj — 1 > 1. Therefore M/xM is a sequentially Cohen- 
Macaulay module by the inductive hypothesis. 

Next, we prove by induction on % that for all z = 0, . . . , s — 1, if di > 3 then A+i = 
and A/A+i is a Cohen-Macaulay module. In fact, let i = 0. Since M/D[ is a 
Cohen-Macaulay module and A/ A has a finite length, H l m (M / Di + iM) = for all 
< % < d — 1. Therefore, we derive from exact sequence 

->• M/A 4 M/A ->■ M/Di + xM 

13 



the following exact sequence 

Hl{M/D l + xM) -> H 1 m (M/D 1 ) A H^(M/D 1 ) 0. 

Thus H^M/DJ = 0, and so Di/Di = H°(M/D 1 + arM) = 0. Hence = ^. 
Moreover, since x is P = MjD\ -regular and V /xV = M/D% = M / D[ a Cohen- 
Macaulay module, X> is a Cohen-Macaulay module. Assume now that Dj = Dj and 
Dj/Dj + i are Cohen-Macaulay for all j ^ i with > 3. Then with the same argument 
as above, we can prove that H^(T>i/xT>i) = for all < j < di — 1. Therefore, from 
the exact sequence 

O^^AD,^ Vi/xVi -> 

we obtain the following exact sequence 

-> H^(Pi/xT>i) Hl x (T>i) 4 tfi(A) -> 0. 

It follows that H^ a (T>i) = 0. Therefore -D 4 ' + i = -Dj+i- The Cohen-Macaulayness of 
Di/D i+1 follows from the fact that V^/xVi = Di/D i+ i = D'jD' i+l is a Cohen-Macaulay 
module. 

Denote by N the largest submodule of M such that dim N < 2. It should be mentioned 
that this submodule N must be appeared in the dimension filtration of M, says N = Dk 
for some k G {s — 2, s — l,s}. Then, from the proof above it is easy to see that if 
dimiV ^ 1, M is sequentially Cohen-Macaulay. Assume that dimiV = 2. To prove 
M is sequentially Cohen-Macaulay in this case, it is remains to show that N = is 
sequentially Cohen-Macaulay. By virtue of Lemma 14.31 we have for large enough n 

£(M/q n+1 M) = J2 ( n "j ^1 e o(fl) Di) + £(N/ q n+1 N). 
i=o V «i / 

Therefore by comparing coefficients of the equality above and by hypotheses of the 
proposition we get 

-e 1 (q,iV) = (-l)^ 1 e (i _ 1 (q,M) 

= (-l) d - 1 e,_ 2+1 (q,M) 

= (-l) d - 1 (-l) d - 2+1 arith-deg 2 _ 1 (q,M) 

= arith-deg 1 (q, M) = arith-deg 1 (q, N). 

Thus iV is a sequentially Cohen-Macaulay module by Theorem I4.2[ and the proof of 
the proposition is complete. □ 

We are now able to state our main result. 

Theorem 4.5. Assume that R is a homomorphic image of a Cohen-Macaulay local 
ring. Then the following statements are equivalent: 

(1) M is a sequentially Cohen-Macaulay R-module. 
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(2) For all distinguished parameter ideals q of M and j — 0, . . . , d, we have 

ej(q,M) = arith-deg^.^M). 

(3) For all distinguished parameter ideals q of M and j G A(M), we have 

e d _ i+1 (q,M) = (-l^'+Vith-deg^^M). 

(4) For some distinguished parameter ideal q of M and for all j G A(M), we have 

e d - j+1 (q,M) = (-l^'+Vith-deg^^M). 

Proof. (1) =>- (2). Since M is a sequentially Cohen-Macaulay module, it follows from 
Proposition 14.31 with j = s that 

£(M/q^M) = g^ + ^e (q,A) 

for all distinguished parameter ideals q and large enough n. Therefore we get 

(-l)"-* erf _ di (q,M) = e (q,A) 

for all % = 0, . . . , s and e,(q, M) = for all j ^ d — di. Therefore the conclusion follows 

from the Proposition 13.21 

(2) (3) and (3) => (4) are trivial. 

(4) =>• (1) follows from the Proposition 14.41 □ 

The first consequence of Theorem 14.51 is to give an affirmative answer for Vasconcelos' 
Conjecture announced in the introduction. It is noticed that recently this conjecture 
has been settled in [GGHUPV] and extended for modules in |MS"V1 3.11] provided 
dim R = dim M. 

Corollary 4.6. Suppose that M is an unmixed R-module, that is dim(i?/P) = dimM 
for all P G Ass^M, where M is the m-adic completion of M. The M is a Cohen- 
Macaulay module if and only if ei(q, M) > for some parameter ideal q of M. 

Proof. Since M is unmixed, we may assume without loss of generality that R is com- 
plete. Therefore R is a homomorphic image of a Cohen-Macaulay local ring and 
M = D d D 1 = is the dimension filtration of M. Thus A(M) = {d} and M is 
Cohen-Macaulay if it is sequentially Cohen-Macaulay. It follows from Theorem 14.51 and 
the fact that every parameter ideal of M is good that M is Cohen-Macaulay if and only 
if there exists a parameter ideal q such that ei(q, M) = — arith-deg d _ 1 (q, M). And the 
last condition is equivalent to the condition ei(q,M) > by Proposition 13.21 □ 

The next corollary shows that the Chern number of a parameter ideal q is not only 
a non-positive integer but also bounded above by — arith-deg d _ 1 (q, M). 

Corollary 4.7. Let M be a finitely generated R-module of dimension d > 0. Then 
ei(q,M) < — arith-deg d _ 1 (q, M) for all parameter ideals q of M. 
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Proof. Since the Hilbert coefficients and arithmetic degrees are unchanged by the m-adic 
completion, we can assume that R is complete. Then by Lemma 13.41 we have 

ei (q, M) + arith-deg^q, M) = ei(q, M/U M (0)), 

where U M (0) = D s -\ is the unmixed part of M. If ei(q,M) > — arith-deg d _ x (q, M), 
ei(q,M/f/ M (0)) > 0. Then M/U M {0) is Cohen- Macaulay by CorollaryHH and so that 
ei(q, M/Um(0)) = 0. Hence ei(q,M) < — arith-deg d _ 1 (q, M) for all parameter ideals q 
of M. □ 

The following immediate consequence of 14.71 is first proved in [MSVj Theorem 3.5]. 

Corollary 4.8. Let M be a finitely generated R-module of dimension d > 0. Then 
ei(q, M) < for all parameter ideals q of M. 

Below, we give some more corollaries in the cases that Chern numbers of parameter 
ideals have extremal values. 

Corollary 4.9. Assume that R is a homomorphic image of a Cohen- Macaulay local 
ring. Then the following assertions are equivalent: 

(1) ei(q,M) = — arith-deg d _ 1 (q, M) for all parameter ideals q of M. 

(2) ex(q,M) = — arith-deg d _ 1 (q, M) for some parameter ideal q of M. 

(3) M/Um(0) is a Cohen- Macaulay module. 

Proof. It follows immediately from Theorem 14.51 and the fact that if M is unmixed then 
every parameter ideal of M is good. □ 

By virtue of Proposition 13.21 we see that arith-deg d _ 1 (q, M) = for some parameter 
ideal q of M if and only if dim £7^ (0) < d — 2. Hence from this fact and Corollary 14.91 
we have 

Corollary 4.10. Assume that R is a homomorphic image of a Cohen- Macaulay local 
ring. The following assertions are equivalent: 

(1) ei(q, M) = for all parameter ideals q of M. 

(2) ei(q, M) = for some parameter ideal q of M. 

(3) M/Um{Q) is Cohen- Macaulay module and (\im.U m{^) < d — 2. 

In |V2j Vasconcelos asked whether, for any two minimal reductions J\, J 2 of an m- 
primary ideal J, e\{J\ 1 M) = ei(J2,M)? As an application of Corollary 14.91 we get an 
answer to this question when M/Um(0) is a Cohen- Macaulay module. 

Corollary 4.11. Let I be an m-primary ideal of R. Assume that R is a homomorphic 
image of a Cohen- Macaulay local ring and M/Um(0) a Cohen- Macaulay R-module. 
Then there exists a constant c such that ei(J, M) = c for all minimal reductions J of 
I. 
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Proof. Let J be reduction of ideal /. Since M/Um{0) is Cohen- Macaulay, we get by 
Corollary 14.91 and Proposition 13.21 that 



e t (J,M) = -arith-deg^JjM) 



-e (J,U M (0)) if dimC/ M (0) = d - 1, 
if dimC/ M (0) < d-1. 



The conclusion follows from a result of D. G. Northcott and D. Rees |NR] , which says 
that eo(J, Um(0)) = eo(I, Um(0)) for all reduction ideals J of I. □ 

It should be mentioned here that we do not need the assumptions that R is a ho- 
momorphic image of a Cohen-Macaulay ring and the parameter ideal q is distinguished 
in Theorem 14.21 for the case dimM ^ 2. However, these hypothese are essential in 
Theorem 14.51 So we close this paper with the following two examples which show that 
the assumptions that R is a homomorphic image of a Cohen-Macaulay ring and the 
parameter ideal q is distinguished in Theorem I4.5[ can not omit when dimM > 3. 

Example 4.12. let k[[X, Y, Z, W]] be the formal power series ring over a field k. We 
consider the local ring S = k[[X, Y, Z, W]]/I, where I = (X) n (Y, Z, W). Then dim S = 
3 and T> : S = D D (X) jl = D\ D D 2 = is the dimension filtration of S. By Lemma 
13.41 we get that e\(Q, S) = e\{Q,S/D\) = for every parameter ideal Q of S. On the 
other hand, there exists by Nagata [N] a Noetherian local integral domain (R, m) so 
that R = S, where R is the m-adic completion of R. Let q be an arbitrary parameter 
ideal of R. Since R is a domain, q is distinguished. Moreover, since 

ei(q, R) = e\(qS, S) = = — arith-deg 2 (q, R), 

R satisfies the condition (4) of Theorem 14.51 But R is not a sequentially Cohen- 
Macaulay domain, as it is not Cohen-Macaulay. 

Example 4.13. Let R = k[[X, Y, Z, W]} be the formal power series ring over a field k. 
We look at the i?-module 

M = (k[[X, Y, Z, W]]/(X, Y) n (Z, W)) k[[X, Y, Z\\ 

Set D 1 = k[[X,Y,Z,W]]/(X,Y) n (Z,W). Then M D D 1 D is the dimension fil- 
tration of M and A(M) = {3; 2}. Moreover, D\ is a Buchsbaum module, depth M = 
depth D\ — 1 and so that M is not sequentially Cohen-Macaulay. We put U = X — Z, 
V = Y - W and Q = (U, V, X) . Since M/D 1 is Cohen-Macaulay, e^Q, M/D x ) = for 
all i = 1,2,3. Therefore by Lemma [3.41 and Proposition 13.21 we have 

ei(Q,M) = -e (Q,Dx) = - arith-deg 2 (Q, M), and 



e 2 (Q, M) = -ei(Q, £>i) = = arith-de gl (Q, M). 
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